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1. Introduction
Recently, G. Huisken [4] studied the deformation of convex hypersurfaces in
R""! by their mean curvature vector. In particular, he proved the following:
1.1 Theorem. If the map F,: S™ — M, C R""! represents a strictly convex
smooth hypersurface in R"1, n > 2, then the initial value problem

(1) 8 (1) = ~H(x,1) - v(x.0),

F(x,0) = Fy(x), x&S8",

has a unique solution on a maximum finite time interval [0, T') such that the M,’s
converge to a point as t = T. Here H denotes the mean curvature and v the
outward normal of M. Moreover, if we let M, be M, rescaled by a homothetic
expansion so that Vol(M )= Vol(M,), then as t = T the M,’s converge to a
smooth hypersurface M, in the C®-topology. In fact My is a round sphere.

The case n = 1 is a theorem of M. Gage and R. Hamilton [2]. Thus Theorem
1.1 may be considered as a generalization of their theorem to dimensions
n > 2. Another possible generalization of their theorem to higher dimensions is
the deformation of a convex hypersurface by its Gaussian curvature K.
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Originally, Firey [1] considered this equation for surfaces in R® as a model for
the wearing of stones on a beach by water waves. Recently, Tso [9] studied the
problem in arbitrary dimension. In particular, he proved

1.2 Theorem. If we replace (1) in Theorem 1.1 by

(11) %—};(X,l)’—f ~K(x,1) - v(x,1),

F(x,0)= Fy(x), x€8",
then the same conclusion as in Theorem 1.1 holds except that one does not know
whether or not M. is a round sphere.

Inspired by these results, in this paper we prove
1.3 Theorem. If in Theorem 1.2 we replace (11) by
L ()= K(x.0)  w(x0),
F(x,0) = Fy(x), xe8",
then for all B > O the same conclusion as in Theorem 1.2 holds. Moreover, in the
case 8 = 1/n we can show that M is a round sphere.

The first part of Theorem 1.3 is a straightforward generalization of Theorem
1.2. The bulk of this paper consists of showing the required estimates when
B = 1/n. In the course of the proof of Theorem 1.3, it will become evident that
the case 8 = 1/n is borderline and the most natural from the point of view of
the PDE’s involved. Geometrically, K'/* represents the geometric mean of the
principal curvatures of M, whereas H/n represents their arithmetic mean.
Note that K*/" is also scaled the same as H.

We also remark that in Theorem 1.3, for 8 = 1/n, there exist constants
0 < C(B) £ 1/n depending continuously on B with C(1/n) =0 and
limg_, ,C(B)=1/n such that if the initial hypersurface M, satisfies 4, >
C(B)Hg,;, then M, is a round sphere.

I would especially like to thank Professors G. Huisken, R. Hamilton and
S.-T. Yau for many stimulating discussions and their encouragement. I would
also like to thank Professors J. Jost and R. Schoen for their interest and
encouragement. I am especially indebted to Professor Yau under whose advice
this paper was written. This paper is dedicated to the memory of my sister
Eleanor Chow.

(111)

2. Short time existence
If M" c R"*! is a hypersurface, the Gaussian curvature is given by K =
deth,,/detg, , where h,, = —(0°F/dx'dx/, v) is the second fundamental form
and g, = (3F/9x', 3F/3x/} is the induced metric on M from R"** in the
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coordinate system {x’}. We consider the evolution equation (III) for 8 > 0.
Note that even for strictly convex hypersurfaces, (III) is only weakly parabolic
due to the fact that the diffeomorphism group of S” acts as a gauge group.
However, short time existence follows as in [2] from an existence theorem of
Hamilton {3] for evolution equations with an integrability condition.

2.1 Theorem. If M, is strictly convex, then (III) has a unique smooth
solution F(x,t) for short time.

Proof. We compute the symbol of the rlght -hand side (RHS) of (III). A
variation F of F gives rise to variations g, o h and 7 of g,;, ;; and ». On the
symbol level, we have h -§; § (F v), &= O and 7 = 0. ThlS is because &,
depends on the second der1vat1ves of F whereas g, and » depend only on the
first derivatives. Therefore K = Kh;'h,; = —-Kh;}§,¢ (F,») and the symbol of

1/ 1/

the linearization of the RHS of (III) is given by
~ 2 ~
oD(-KF - v)(&)F = BKF|E|W(F,v)v.

Let 7, and m, denote the projection of vectors in R"*! onto the tangent
and normal bundles of M C R""!, respectively. Then oD(~K*v)(&)F =
BKPA\¢ 2w, (F) and 7,,(-K*») = 0 is our integrability condition. That is, for
£ + 0, the sequence

_KB
Rn+laD( K y)(E)Rn—O—I 7_71‘_: Rn+l

is exact. Therefore, as in [2], we may now apply Theorem 5.1 of [3] to conclude
that there exists a unique solution of (III) for short time.

We remark that the second order partial differential operator L = BK#0,
where O = h;} v, Vv, plays the same role for (III) as does the Laplace-Beltrami
operator for (I). In particular, the second fundamental form and all curvatures
formed from it satisfy equations of the form 9/9¢ = L + lower order. Thus,
the fact that (1II) may be written as (3 /0¢)F(x,t) = (1/nf)LF(x, t) explains
the significance of the case § = 1/x; only in that case do the map F and the
second fundamental form satisfy equations which are equal in their highest
order terms.

We now explain some notations which we will use for the rest of the paper.
If X and Y are 1-forms and s is a symmetric positive definite covariant
2-tensor on M, then (X, Y)  denotes the inner product of X and Y with
respect to the metric s. In local coordinates, (X,Y) = s 'XY,. If ¢ is a
contravariant 2-tensor, then we define (X, Y ) = tVXY,. Thus (X Y, is
well defined even for indefinite 2-tensors. If 4,,,is a covariant 3-tensor, then

lAikllzg.h = g himhinA A

jmn-
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For future reference, we define m = (H/n)""'g7! — Kh™))™! and e =
(h™'— ng~1/H)'. By the preceding remarks, (X, Y, and (X,Y), are well
defined.

3. Evolution of the metric and curvature
In this section we compute how the metric, second fundamental form,
Gaussian and mean curvatures evolve. As in [4], we have
3.1 Lemma. The evolution equations for g,,, v and h,; are given by
9

(1) 53:’/ = _ZKBhij’
(2) —8—1/ = vK*,
ot
a
(3) 5;}’1',' = V,V,KP = KPhyhy;,

where we suppress the raising of indices and the repetition of an index represents
contraction with the metric.

Proof. This follows from straightforward computation as in §3 of [4]. (3)
may be rewritten as

3.2 Lemma. We have

a
ot hiy

—,BKB(EIh +I—f—vaK+ Vil Yk

(4) + Hh,, —<n + %)hikhkj)

and equivalently

3 H?*" K K
B
Aty = BK (Dh +nK2V'(H")V’(H")
1
(5) - ?h;}nh,',,l(HV,-hm,, - V,-Hhm,,)(Hthk/ - Vthkl)

1)1 1
+ (,3 - ;)FV{KVJ'K + Hh;; —(n + E\)hikhkj)'

Proof. Recall that the Codazzi equations are
(6) Vil = Vihy = Vihy
and the rule for commuting two covariant derivatives acting on a 2-tensor 4,,
is given by
(7) ViVidy = VA, =RipAp + R A
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The relation between the Riemannian curvature tensor and the second funda-
mental form is given by Gauss’ equation

(8) Rijkl = hikhjl - hilhjk'
We have v, K = Kh;}vjhk , and by applying (6), (7) and (8) we obtain

V.V,K = KhijVh,+ Khy ok, ki kg + KRGV Ry,

rmn

1
= ViKV,K+ KV:hiVhy

= Kh;}vkvlhij + K

+Kh/;ll((htjhkm - himhkj)hml +(hilhkm - himhkl)hmj)
1 -
= K(Dh,.j + FViKVfKJF VihiiVh + Hh, — nh,.khk_,.).
(3) now implies
d

() 3;hi;= BEKFTIO K + BB~ )KPTPV,K VK = KPhyhy,

and hence (4). We also have

H?*" K K
-1 _ 2t il "
s VK SR = s 9 ) = g v
1
HK(vHvK+ ViKVH) = b hin ik, b,

hkmh {(H R, = ViBR, Hhy — v, Hhyy)

1
= hiph Vil R — HK(VHV K+ v,Kv,H)+ #VIHVJ.H

so that

n

= ~H—hkmh NHvV,h,, — V:Hh, HVh— V,Hh,)

advaiey
k2 \H Y\ E )




122 BENNETT CHOW

Therefore
8 H*" K K
B )
5.1y = BKF|OR,; + sz,.(Hn)vj(H,,)

- hkmh [(HYh,, ViHhmn)(Hthk/_ V/Hhk/)

1)1 1
+ (B — ;)FvivaK + Hh[-j - (n”-i- E)hikhkj)
which is equation (5).
When B8 = 1/n, (4) may be rewritten as
a 1 .
gy = KY (Dh,.j+ Hh,; ~ 2nh,.khk.,)

—(h;}nhl_nlvihmnvjhkl h vzhmnhklvhkl)

The gradient terms are negative, therefore we cannot show the inequality
h;; 2 0 remains true for all time by applying the maximum principle for
tensors of [3] directly to #,;. In fact, the only thing we could prove is that the
inequality 4, ; < 0 is preserved under the evolution, which is the exact opposite
of what we want to prove!

We now compute the evolution equations for H and K.

3.3 Lemma. The mean and Gaussian curvatures satisfy the following evolution

equations:
8 2 H2n K 2
—H = BK*? DH——th v,Hh +——v( )
(1) % ’ g Vil = Villhalen S5 |V g
1)1 2 ) 1 2
+(p—)5IvKl + B (n—ﬁ)lAl),
a B—1 2 1
2 k= gKA L1 i3
(11) oK =BK (EIK+ Ve | VK [n + BHK),

Proof. (10) follows directly from (1) and (5). By using (1) and (9), we have

3 9 [ deth, . a
—_ = —f — L iy
8tK at(detg,.j K(h’f ot~ 8 atg'f)
— BK# B-1iokp+1
BK (EIK+ e | VK |n + BHK)

which is (11).
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4. Preserving convexity

Applying the maximum principle to (11) of Lemma 3.3, we have
4.1 Corollary. If C > 0 is a constant and K > Catt = 0, then K > C for all
time. As a consequence, if M, is strictly convex at t = 0, then it remains so.
In [4], Huisken, following an idea of Hamilton [3], looked at the function
AP~ HY/n _ 1
H? H® 2,
where «,---,k, are the principal curvatures of M. This quantity is scale
invariant when § = 2 and measures the difference of M from being totally
umbilic and hence a round sphere. We look at an analogous quantity which is
more natural for our equation. By the arithmetic-geometric mean inequality,
(H/n)" — K » 0 on M and equality holds at a point p € M if and only if p
is an umbilic point. The rest of this section consists of showing the inequality
K/H" > C > Q or, equivalently, (H/n)" — K)/H" < C < (1/n)" is pre-
served under the evolution.
4.2 Lemma. We have the evolution equation

arle ) = o) + & 1) o),

2

ES vHV(K) _H V(K)

H Y\mr)), T Tk (\V\E
(12) : _ (B=1/n) 2
+ H,,+3ithkl ViHhlgn + 55— HK | VK |

+n(n _ %) H’fﬂ (141" - %Hz)),

wheree = (h™' — n/H - g71)™L.
Proof. By (10) and (11) of Lemma 3.3

%(;n)=BKB(D(§n)+HnH<vH vK), — n(nH—llz)—Iillei
(B—1/n) H™| [ K
ox e v )

e K| +
1 2 1 2
___2|Hvihk[_ viH'hkllg.h + H? —(” - E);A’ }

((B )|VK| +1HK))

2

- Hn+1

H” B
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Then the equality

n(n+ 1)K (1/n 1) 2
H,,H(VH VK, — ——Fz—\vm x| VKl
_(/n-1) K n+1 K
e )2t {one £,
implies
0 K a/m-1) . K
a7 = 800 + = (Ko v ),
nt 1 K H ' _( K\
TTH <,VH’V(H")>h_ K V(H")
iMer — viHhklli,h + (BHan/n)| K]
_1) K 2 1.
+n(n B)H"+1(|A| nH )),
which is (12).

In the case 8 = 1/n, the last two terms of (12) drop out, and by applying
the maximum principle we have

4.3 Corollary. In the case B=1/n, if K/H" >C>0 att=0, then it
remains so.

As remarked earlier, |4)> — H>/n > 0, so that When B> 1/n the zeroth
order term on the RHS of (12) is nonnegative and hence a good term. Now, by
Lemma 2.3(ii) of [4] we have the estimate

(13) |HV,hy, — V,Hhy| > 3eH? vH[

provided h;; > eHg, . Since h;; < Hg,;, we have

nkK nkK 2
g |HVhy — V,H - hkl|gh Z i — | HVhyy = VH - hy|
2
ne
= 2 Hn+3|vH| )

Choosing C(f8) close enough to 1/n, we have

82

1
HE (S8 H
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provided &, > C(B)Hg;;. Therefore

(B-1/n) 2| _(B=1/n) n
HnK | Kte = nK ‘ Hg
(13)
< ——|vH \ + terms linear in ¥
2 Hn+3 H” >
and hence
nkK 2 1/n 2
HH"”‘H' Vi = ViH - hyglgn + (8- nK/ )|VK|e>0

modulo v( ]I{{,,) terms.
Therefore, applying the maximum principle and (13”) to (12), we have

4.4 Corollary. For B > 1/n, there exist constants C() < 1/n depending
only on n and B with C(1/n)=0 and limgz_,  C(B)=1/n such that if
h,; > C(B)Hg,; att = 0, then the inquality K/H" > C > 0 is preserved under
the evolution.

5. Convergence of the principal curvatures

In this section we will prove the main estimate which will show that the.
shape of M, approaches that of a round sphereas¢ — T.Let f=1/n" — K/H"
and f, = H°f. Then as remarked in §4, f> O with equality holding only at
umbilic points.

5.1 Theorem. If B =1/n, then there exist constants o, > 0 and C, < oo
depedning only on M, such that

1 K .
(14) LK <a
for all time. If B> 1/n, then inequality (14) is actually preserved under the
evolution provided h;; > C(B)Hg;; at t = 0 where C(B) < 1/n is sufficiently
close to 1 /n and where o, now depends also on f5.

The rest of this section will consist of proving Theorem 5.1.

52 Lemma. If B=1/n, then there exist constants ¢, >0, C; >0 and
C, < oo depending only on M, such that for o < oy,

as) %<

Lgin(og, - = vHE + GH S, [+ oHf,).
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If B> 1/n, then there exist constants o,(8)> 0, C(8)<1/n, C; >0 and
C,(B) < oo depending only on B and M, such that for o < 6,(B)

ae L

providedh,-j > C(B)Hg; att = 0.
Proof. By (10) and (12), '

< BK*(Of, - C,H* | HI + G(B) | v, |

af BKB(mf+ ﬁl—/—"}—l)wk v+ 2L <vH v+ Lo
—;£3|Hth/ thk[‘gh ('BHl/n)| Kl
_ 1 K 21,
n(" .B)H"“(; o ))
dH s (B—1/n) 1y, e
= < BK (DH+—-——-——K \VK |+ H? - ( B)'A‘)'
Therefore
af" —i ofY = Ua_f o a_H
at"at(Hf)_Hat+°H 1f8t
< ,BKB[DfG — 20H° Y VH,vf), — oo — 1)H %] vH |7
— 1 " _ n—1
an (- o 2o o, + o

3C1, vH + Cy(B—1/n) (}A)z —%HZ)W’VKlz

Hn+2K

aln LK 2 _ 1 o, VA
n(n B)Hn+1(|A| H )) oHf, o(n .3) /ol
where we used (13) and C; > 0 and C; < oo are constants depending only on
M,.

We first consider the case 8 = 1/n. Then (17) gives

9,

at\n

(18) +H"(—Mlvfﬁ + %WH, Vi)

L g Of, — 26H°" Y VH, vf), — (0 — 1) H* /| vH|,

K

n—1 3C
197 = 28 wnp) + on, |
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We have the equalities

(19) (vf " = H-2|9f, | - 20H " 2,( VH, Vf,) + o*H 2"2f vH[’,
19
: <vH,vf)=H‘“(vH,vf,,)—%IVle

and the inequality
2 1 2
(20) (a,by<Flal + 516, >0,

Applying (19) and (20) with a = VH, b= Vf, to (18) implies (15) for
sufficiently small o.

When B > 1/n, the zeroth order term on the RHS of (17) is nonpositive for
o sufficiently small depending on B. Also, if 4,;, > C(B8)Hg,; for C(8) < 1/n
sufficiently close to 1 /n, then

- 1/n 2 1
ot (147 =
modulo controllable |vf|? and ( VH, Vf) terms. Therefore, by applying (19)
and (20) to (17) we have (16) provided #,; > C(B)Hg,; at t = 0 and where the
constants now depend also on 8. This completes the proof of Lemma 5.2.
When 8 > 1/n, Theorem 5.1 is a direct consequence of (16) of Lemma 5.2
and the maximum principle. Therefore, in proving Theorem 5.1, we will restrict
ourselves to the case 8 = 1/n. Then, (15) has bad (positive) zeroth order terms
and we may not apply the maximum principle directly. As in [4], we prove a
lemma which will allow us to bound the L”-norms of f,. The supremum norm
bound of f, will then follow from the Sobolev inequality for submanifolds of
R” and an iteration type argument.
The evolution of the L?-norms of f, is given by
5.3 Lemma. There exist constants 0 < Cs, G, C4, C4 < oo depending only
on My, such that for p > C;,

a _ 2 —2 2
5 [ 12 < [ —Cp 2V, = CopH T TN VH T + CropHPSY.

1/2 C
Hz) vk < L |vE|
H3

Proof. By (15),

d 3f
— P = p—1_-Jo
ol =P %,

< Zprokin(of, - qHeS VAL + GHYCVL, [+ of],).
Then
_ _ 2
Off = pff~'0f, + p(p = VYL,
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implies
d 1 _ 2 1pro— 2
G f2 < —KY(0fF = p(p = VII 2L, [ — Copfd T H | V|

+Copf? T HT V0, [+ opHS?)

and hence, by integrating,
d 1 " 1 _ 2
@) g <y [ K- 3p(e - DEISLE

—Cupfe T H | VH + opH|

provided p > C,, where-C, is a constant depending only on M,, and we
ignored the negative term coming from differentiation of the volume form.
Now

| R eh=T/ N B S F AN

= 1 1/n-1p-1 1/n -1
- _;fK / hij V:'vafup"fK / Vihi'vjfcfJ

J

and by the Codazzi equations,

1
Vihi = —hichi ik = <R by = ki 5 v K.

ity K
Therefore
@) KO =p(t- ) KT IK ),
The equality

(VK. Vfo)y = ~H"(Vf,Vfo), + %WH, Vi

~0 2 n—1—-oc nK
= —H" |V, |} + oH" '\ f(VH, V1), + 7 (VH. V1),
then implies
1 .
(23) [ Ktz <cp [ H1VEIIVE,

where C; < oo is a constant depending only on M,. By applying (20) to (21)
and (23), we have

d
ar [ 12 < [ —Cp* 2211, [ = CopH =22 | VH + CropHPfY,

where 0 < (s, C,, C,, C; < oo depend only on M, provided p > C;s. This
proves Lemma 5.3.

We now prove the lemma which will enable us to bound the L7-norms of f,
for p sufficiently large and o sufficiently small.
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5.4 Lemma. There exist positive constants Cig, Cio, Cyy and C;, depending
only on M, such that forany 0 < 6 <1, 1> 0andp > Cyg,

_ _ 2 _ _ 2
f H?*f? < (Copn + Czo)/ H° 271 VH| + Cy pn Iffup Ivf,

Proof. Recall f,=((1/n")H" — K)/H""° so that

o, - E]((l/nl”{)"{{: -K) n;lofaDH N (n— o)(;; 1- o)faiVH]i
(24) 21(;“00) <vH,v(;1;H"—K)>h_
We have

O 2 H" = K | = 2 (B b} .0, H 4 n(n = )" VH)

—K(h;}h;}v,-vjhk,+ |VK|h+h vhk,vjhk,)

(25)

n—1 -1
=h_—_1((ﬂ) gl th,)vvhk,+ SHYH |,

——vilh — Khi b1V h

and by applying the Codazzi equations,
Vo ki = VR (B = R ) B + (B = B )

Since
H n-—1
hi_,;‘l((_) th/)(( hkm - himhkj)hml +(hilhkm - himhkl)hmj)

H n—1 H - ; 1
N ((—) gkl_Kh;})(”hkmhm/_Hhk/)=”(—n—) (|A| —;HZ),

R

(25) may be rewritten as
1 H\"
D(FH"—K)=}Z{}((7) gkI_Kh/:})vkvlhij
n—1 _
(26) +n(%) (|A| H2) "1 ge-vnl,
n

1 2
- f[VK[;, — Khi},h3i Vih .
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(24) and (26) imply

A i H\" Y, 2 1.,
on~ gl 2) e s, (2] - b

-1 2 1 2
+ 2Ll onf, - %Ok - K viniie b
n—o n—o)n-1-0¢ p
ey -ipom s tmelin i) oy
A o e - x))
I ‘ n h
We have

e 2
le/"Df,,P=pf Kl/"ff_lElf,,+p(P—1)f KV vf, |,

which, together with (22), implies
2
0="(p-1) [ KV"f7291,],

(28) (1= g ) f KR, - [ Ky,

Multiplying (27) by K*/*f?~! and integrating, we have
H n—1 l/nfp 1
1/npp—1 _ _ il kil _ -1 [ A A— ;
fK fop Dfu f(( n) g th[)vk( H"° h h

l/nfp 1 H n—1 a1 _
() e e,

-1 Kl/n p—1

nn-l Hl—o ij
1/nfp 1 ! ) 1
29 il _ g2
(9) o f S E) (4P - )
n—1__ _, 21 2 Qe
+ -1 H"?|VH|, _—E|Vth_Khijvihklvjhkl
nrp— n—a n—o)n+1—g¢ s
+f KY fl;D 1(_TquH+ ( )(H2 )falVth

Hn+1 G

e v x]) )



DEFORMING CONVEX HYPERSURFACES 131

where we integrated by parts and used v, (Kh;}) = 0. By applying the Codazzi
equations we have

famb= —f‘(va,vb>h+f %(W{,vbh

for any smooth functions a and b on M. This and the equality

(29') | VK |2 = H¥|Vf|; - 2nH"" \K({VH,vf), +

applied to (29) imply

o . H n—1 . Kl/n 0p—l v,K
le/ fr-lnf, = -f ((-n-) g"’—th})Vk(—g:fT)?

Kl/nfp-1
L[ (it vn)

nn—l H1~o J’
-1
*_nn_1 fH"_2+°K1/"_1ff_1<VH,Vf>

n

n—1p KYrfrt 2 1 K/nfp-t 2 1,

(30) + n"_lf T 1vH|e+nn_2f s (lAl —;H)
Kl/n pr 1

“f PR (Hz"lvflh—2nH" 'K(VH,vf), + }Vth)

+(n— a)f %<VH,V(KV"f0P)>h —(n - a)f K;Zfop|VH(i

~(n—o) [ K ok o),

4 n—-—0)/1~n+o 2
+fK1/"ff 2 H )( H f°’vH|h—2<VH’Vf">h)'
We have

1 2
Fleihk[ - V.H- hk[lg,h

(30") 2H"! 2
<th1»vihk1>T<VHan>— #|VH| .



132 BENNETT' CHOW

Applying (29%) and (30') to (30) gives

[ KVtr7as, = (p = 1) [ HKV (91,90,

1 nf p—2
-n(p - 1)f ——(VH,Vf,),

1 ; Kl/nfp—l ) ) n K ‘2
Y Y — 2nH" K VH, Vf), + 2 | VH m
- [ S| B es - 2R (e o, g |V

KY/nfp-1 l/nfp 1
~(n—0)f Hlfo (VH,f),, +n(n o) [ |V H|m
1 Kl/"fép_l 5
nn~1f 3o |H,hyy = ViHR g
’ 1/ngep—1
2 n—2+og1/n—1 -1 1 fO 2
[ HR VR e+ o [ S|
. -1 Kl/n (;p—l 3
L [ ey ) + P [ S o
(31) "
n—1 KVt o Kl/"fg"l( 2 1 2)
- nn——2 f H3—o Ile + nn—Zf Hl—o |A‘ nH

KV/n=1gp-1 nlK2 5
_f an; (H2n|Vf| — 2pH" 1K<VH Vf>h 12 |VH’},)

l/nfp 1

+p(n— o) [ —3—(VH. V1),

_(L;j_)f H" KM P (VH, V),

+(n—o) [ H" K" Yp(H,vf),

l/nfp 1

—2(n—o) [ =———(VH, V1),

1 nep 5
f0| H]},,

+(n—o)(1—2n+a)/

where m = (H/n)""g7! — Kh‘l)‘l.'.
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Since (31) is rather complicated, we first make some remarks to clarify-the
situation. There are basically three types of terms in (31): |Vf,|%, (VH, Vf,)
and |VH|? terms. The p(n — ¢)f(KV/"f?~1/H)|( VH, Vf,),| term with the
term

n(p = 1) [ KV 22 H""1=|(VH, V1),

will dominate the rest of the ( VH, Vf,) terms by choosing p large enough
depending only on M,. The |vH|? terms, modulo ones with ¢’s in the
coefficient, are

l/nfp 1 1/nfp—1 5
_n/ Hn+2 a |VH""+ / Hn+2 Pl llem

n’nl—z/ K;-/I’;{E’Pa 1IVH\ N - 11/ K;/I';j}pa—lvaﬁ
=i ‘K;nsfi_l'VH ‘2-f ﬁf_i rvH
+a(l = 2m) | 1;;;:» al (;H" - K)llei
=(-n(n—=1)—n?—n(l - 2n)_)f —;:—:j%—l{v}”h
*(n;w_—ll P | R
I =L
=L o ey

H2—o
The | vf,|* terms are
(p = D) [ K291, [ =+ [ HOKY 2 o, 1,

— [ BTk o,
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By the preceding remarks and (31), we have

[ R0, (= 0 K

_l n—ogl/n=2rp-1 2 _ n—ogl/n—1rp—1 2
an K fo lvfaim fH K fa |vfa|h

@ —crf EivHiivn- cof o ony
—Cyp (;)n_ g7 — Khj}
+Cpp [ HfE" 1(|A\ —HZ)

where Cy, Cy4, C; and Cy, depend only on M,,.
Combining (28) and (32),

0> (p =) [ K/pzws, i+ (1= 2 ) [ B s

(n _1)f 1/nfp1

—0(1 - ;)f H" VoKV GH, V),

———(VH. V1,),

(33)  +(p—1)[ KV v, ),

_,1_ n—opl/n—2rp—1 2 _ n—ogrl/n—1rp—1 2
an K fa Ivfa|m fH K fa |vfa|h

-1
~Gop [ T iv v,

H n—1 i ~

—Cllpf

—Cy fp = —|VH| +C12fH"fP 1(|A| __Hz)

In order to simphfy (33) we first prove a small lemma.
5.5 Lemma. There exist positive constants Cy, and Cy, depending only on n

such that

n

1
() o H" = K < Col" (4] - 1),

C14Hn~1f1/2'

N H\""' )
(i) ’(—) g/ — Khi}|<
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Proof. (1) Since both sides are homogeneous of degree »n, we may assume
without loss of generality that H = X7_,«, = n. We can then write k;, i =
1,---,n, uniquely as k, = 1 + ep,, where ¢ > 0, X7, p, = 0 and X7_, p? = 1.
Since Zi#jpipj = p) - L pl=-1

1 " :
H'—K=1-T1(1+ep)=-Xp — ez(Zpip,) +0(e%)
i=1 i i#j
= ¢ + 0(€%).
Also, H" %(|4)?> — H*/n) = n""%(2eX,; p; + €L, p?) = n" 22 Part (i) now
follows.
(i) If we make the same assumptions as in the proof of part (i), we have

n—1 2 n 2
(1’5—) gl —Krl = El(] - 111_(1 +pi£)) -
-y ((zp) +0(e)] = 2+ 0(e)
j=1 i#) .
This proves part (i1).

Applying Lemma 5.5 to (33) gives, for large enough p,
0> Cosp [ 12729, 1" = Cuop [ H27 Y2727 wH| |91, |
—Clof Ha_zfap—lIVH!z + C17f Hf?,
where C,,, C;s, Ci¢ and C;; are positive constants depending only on M,
Lemma 5.4 now follows from applying the inequality ab < ina® + $b%/q,

7> 0.
By Lemmas 5.3 and 5.4, we have by choosing n = p~1/2

d - 2 o rpe 2
o [ 12 < -Cop*[ 1279, 1P = Cop [ B2 HL + Cop [ HYZ,
20p 1,2 a—27p-1 2 322 fp-2 2
[ 12 < (Coop'? + Co) [ HO22 T HI + Cup® 2 [ 7791, 1
which imply
d _ 2
a7 [ 17 < (<Cp? + Coop™?) [ £272 91, |

+(_C7P + Cyyop®? + C24°P)f He2fr 1 VHIZ,

where the constants depend only on M,,.
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Therefore, (3/91)[f7 < 0 for p > C,s and o < Cyep~ /2, where Cys < 00
and C,¢ depend only on M. Now that we obtained suitable L? bounds on f,,
we may continue exactly as in [4] to obtain a supremum bound on f, for o
sufficiently small by an iteration argument. This completes the proof of
Theorem 5.1.

6. Tso’s Theorem

In [9], K. Tso studied (III) of §1 for 8 = 1. His proof of Theorem 1.2
extends to the case of any 8 > 0 with only trivial modifications. For complete-
ness, we give a brief exposition of his argument in this section. Tso considered
(II) from the point of view of the unnormalized equation and proved C*-
convergence of the M,s for the unnormalized equation. In the previous
sections, we followed Huisken in looking at the metric and curvatures of M to
get the zeroth order estimate, but we did not succeed in using his method to get
the gradient or higher derivative estimates. It is by combining both methods
that we are able to prove Theorem 1.3. We now present Tso’s argument (see [9]
for details).

We parametrize M by the inverse of the Gauss map which is well defined
since M is strictly convex. Then F: §" — M takes a unit vector » € S” to the
point F(v) on M having v as its outward normal. The support function A:
S" = R is defined by A(v) = (F(»),»). (IIl) is clearly equivalent to the
equation

(34) %h(v) - k(»)*,  vesn

It is standard to extend 4 to R**! as a function homogeneous of degree 1 and
then consider its restriction to a hyperplane. We therefore define u: R* — R by
u(x) = h(x,-1), x = (x%---,x") € R". The Gaussian curvature of M as a
function of a normal vector in the southern hemisphere of §” is given by

2 —(n/2+1) -1 2
K(v) = (1 +|x]’) (detu, (x))",  »=(x,-)/N1+]|x[",
where (u,;(x)) denotes the Hessian of « at x € R”. In terms of the function u,
(IIT) becomes
(n+2)/2+1/2

—u,(x)(det u,j(x))ﬂ = (1 +|x]2)_ﬂ ,
u(x,0) = hy(x,-1), x € R,

where A, is the support function of M.
As is usual for parabolic equations, the Holder norms CX%(S" X [0, t]) are
defined with time derivatives counting as two space derivatives. We then have

(35)
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6.1 Lemma. Ifh e C>(S" X [0,t]) is a smooth solution of (34) and h > r >
0, then there exists a constant C < oo depending only on r and M|, such that

‘”h“CZ(Szx[o,z]) <C.

Proof. We first bound 4 and dk/dt. By Corollary 4.1, -3h/3dt > inf,_, K#
> 0 and hence 7 < h < sup,_yh. To bound -34/9¢ from above, Tso con-
sidered the function @(v) = —(dh/3t)(v)/(h(v) — r’), v € §", and where r’ <
r. If ¢ attains its maximum at (»y, ¢;) with #; > 0, then by applying standard
maximum principle arguments, we derive H < (n + 1/p)/r’ at (»,,1,). The
bound ~34/9¢ < C then follows. The bound on | vh| follows from the bound
on k and the convexity of «. To bound | v 2h| we apply the maximum principle
to the function

_ 3w (1)
axf' (l + |x|? - xi") ’

2

where we have assumed without loss of generality /5 is diagonal and achieves
its maximum #h,; at (0,-1,¢,), 0 = (0,---,0) € R” and ¢, > 0. Then, as in [9],
we have R < (-3(n+2)+1/28)H ' < C at (0,-1,¢,). The upper bound
for h,p follows. Since K < C, we also have a lower bound for 4,4 By the
preceding remarks, we have |4l c2(s7xj0.q) < C(7, My). This completes the
proof of Lemma 6.1.

The C?** estimate of & now follows from a theorem of Krylov-Safonov [10]
and an adaptation of an argument due to Trudinger [8] (again see [9] for
details). The C* estimate for & now follows from standard arguments. By
applying the previous estimates to the normalized equation, we may show
C*-convergence to a hypersurface M, for the normalized equation.

7. Conclusion

We now show how C*®-convergence to a convex hypersurface M, and the
estimate f= ((H/n)" — K)/H" < CH™° for some o > 0 implies Theorem
1.3. Clearly there is some point p on M, with K( p) > 0; this is true for any
hypersurface by taking the point farthest from the origin. By continuity there is
a neighborhood U of p with K > 0 in U. Then, for the unnormalized equation,
H(x) approaches infinity for every x € U. By scale the invariance of f,
f(x) =0 for x € U C M. Therefore every point x € U is an umbilic point
and by a standard result, K is constant in U. Clearly, K must then be constant
on M, and hence M, is a round sphere. This completes the proof of Theorem
1.3.
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